Abstract

We study the existence of solutions to the second order
differential equation through topological degres theory.

In this poster 1 show the Brouwer Fixed Point Theorem
which states that if f € (/(D, D) where [J is open, then there
exists a ¢ € [} such that fz) = =.

Background Information

The Dirac Delta can be loosely thonght of as a function
on the real line which is zero everywhere exeept at the origin,
where it is infinite and it satisfies the following two conditions

75 a(t)dt = Land [T f(t)a(t)dt = f(0).

A Green's function, (7(z, 5), of a linear differential operator

L = £{zx) acting at a point s, is any solution of £67(z, s) =

d(s — z). The reason as to why Greens funetion is considered is
as given a ODE, L{solution) = source, when we first solve
Li{Green) = d,, for each s, and realizing that, since the

souree is a sum of delta funetions, the solution is a sum of
Green's functions as well, by linearity of £,

oz —y) G(z,y)
flz) u(x) = [fy)G(x, y)dy

Solution of =" = f(t,z.x")

Properties and Hesults

We first find the Green Function for =" + A%z = (t — s),
sin{A(t — s+ w)) + sinfAls — £))

N<ts<w
B 2A(1 — cos(Aw)) B -

Gt 5) = sin(A(s —t +w)) + sin(A(t — 5)) N<s<t<w
ZA(1 — cos(Aw)) S

This is verified as it satisfies the continnity, derivative jump
and symmeiric properties of Greens functions. Now sinee (1, s)
is a solution for the above ODE we claim the following.

Claim 1. The solution to the following B. V. P,

T = flt, z(t), z'(t))
w(0) = z(w)
2(0) — o' {w)
is wlf) = j:u Gt s) {_f (s,x(s),z"(=)) + J\xz[s}} ds

Brouwer Lepree

If I/ ¢ B™ is a bounded region, f: 7 — R™ smooth,
p a regular value of f and p g f{i07), then the degree
deg( f.I7.p) is defined by the formula

deg(f.U.p):= Y sendet(Jy(r;))
mef(p)
The degree satisties the following properties:
(pl) (normalization) If 0 € {7, then deg(7,[7) = 1;
(p2) (additivity) Let U, U © 17 be such open sets
that U7, N /a = @ and 0 ¢ f(U7\ (U; U L) ), then

deg(f,U) = deg ( flg=. Uh) + deg ( flz, U2)

(pd) (homotopy invariance) if f and g are homotopy
equivalent via a homotopy f; such that fy = f,.fi =g

and p ¢ fi(d82) then deg(f,UV) = deg(g, 17).

Here we assume [ is defined as before.

(p4) deg(f,#) =0

(ph) (excision) Let V'  [J is such open bounded set

that 0 ¢ f(LN\V). Then deg(f,U7) = deg ( f|g ,V)

(pfi)Let f be defined as before be such that 0 ¢ f(I7).

Then deg( f,07) = 0.

(p7) (existence). Assume deg(f 17} # (. Then there exists
such xy e U7 that f{xy) =10

We call a point regular if ./ (z) # 0 whenever = € U and f(z) = (.
Lemma 2. The set of reqular points f1{0}) = {z, 79, .. 2n } is finite,

Let h: RN — R is a smooth function such that [ h{x)dz = 1,
and fi{x) = 0 outside of a ball £.(0) for some small £ = (.

Integral Representation

S sigudet(ly(e)) = [ W(f(@)det(1y ()
€~ (0) v
where h, f, U are defined as before. In fact, the above integral is independent of h!

Browrwer Fixed Point Theorem

Lemma 3. Let f e CYU7)N(T7), U is the open unit ball and
firlz =0V xz e dll. Showdee ll 3 fle) =00

Theorem

Let fe N (D)NC(D), f:D =D — dee D3 f(e) =
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